By using Leggett-Williams' fixed-point theorem, a class of p-Laplacian boundary value problem is studied. Sufficient conditions for the existence of triple positive solutions are established.
Introduction
This paper deals with the existence of multiple positive solutions to the p-Laplacian boundary value problem (BVP)
where ϕ p (s) = |s| p−2 s, p > 1, (ϕ p ) −1 = ϕ q , 1] 
a(t) = ϕ p (m), max t∈[0,1] a(t) = ϕ p (M), and m < M.
There are many literatures about equation
with the boundary conditions (2), for example, Sun and Ge established in [1] some existence theorems by using Krasnoselskii's fixed-point theorem. In paper [2] , Liu Bing obtained sufficient conditions for the existence of infinitely many positive solutions to (3) with the three-point boundary value conditions
Since in many mathematical and physical models the nonlinear term always includes the derivative argument, Li studied in [3] the boundary value problem
The author found that there should exist at least three symmetric nonnegative solutions provided that certain conditions were imposed on f . Motivated by the results mentioned above, here we apply Leggett-Williams' fixed-point theorem to establish some sufficient conditions for the existence of three positive solutions to (1)-(2). Obviously, Eq. (5) is just a special case of Eq. (1).
Although Leggett-Williams' fixed-point theorem is used extensively in yielding triple positive solutions for second-order or higher-order ordinary differential equations and certain p-Laplacian boundary value problems, see [4] [5] [6] [7] and references therein, this method has not been used to study those p-Laplacian boundary value problems which involve the derivative argument. So this paper may be regarded as an illustration of Leggett-Williams' fixed-point theorem in a new area.
Preliminaries
Firstly we present here some necessary definitions and notations. Definition 2.1. Let E be a real Banach space and P ⊂ E be a closed, convex set. P is a cone if the following conditions are satisfied:
(i) λx ∈ P if λ 0 and x ∈ P ; (ii) If x ∈ P and −x ∈ P , then x = 0. Definition 2.2. Let E be a real Banach space and P ⊂ E be a cone. A function α : P → [0, ∞) is called a nonnegative continuous concave functional if α is continuous and
for all x, y ∈ P and 0 t 1.
Let a, b, r > 0 be constants, P r = {u ∈ P : u < r}, P (α, a, b) = {u ∈ P : a α(u), u b}. 
Then A has at least three fixed points u 1 , u 2 , and u 3 satisfying
Existence of triple positive solutions
Firstly, we can easily find that BVP (1)- (2) is equivalent to the integral equation
Apparently, we have two conclusions about A:
Lemma 3.1. D ⊂ E is relative compact if and only if ∀u ∈ D, u and u both are uniformly bounded and equicontinuous on
Proof. An application of the Arzela-Ascoli's theorem completes the proof. 2
Lemma 3.2. A : E → E is completely continuous.

Proof. Notice that f (u, v) is continuous, we can easily check the continuity of A.
Giving to 
Now we define the nonnegative continuous concave functional α :
Obviously, the following two conclusions hold: 
and f satisfies
Then BVP (1)-(2) has at least three positive solutions u 1 , u 2 , and u 3 satisfying
Proof. We complete the proof by three steps.
Step 1. Show AP c ⊂ P c , AP a ⊂ P a . Firstly, Lemma 3.3 guarantees AP c ⊂ P . Secondly, ∀u ∈ P c , we have 0 u c, −c u 0 and then by (H2),
Therefore, Au c and AP c ⊂ P c . Similarly, Au ∈ P a for all u ∈ P a .
Step 2. Show Hence ( * * ) holds.
Step 
a(t)f u(t), u (t) dt
a(t)f u(t), u (t) dt,
i.e. 
1−η 0 a(t)f u(t), u (t) dt 1 0 a(t)f (u(t), u (t)) dt
a(r)f u(r), u (r) dr
Hence, an application of Lemma 2.1 completes the proof. 
a(t)f u(t), u (t) dt
Then by (H6),
Similar to step 3 in the proof of Theorem 3.1, we can complete the proof of Theorem 3.2. 2
Theorem 3.3. Assume there exist a, b, c, d with
f satisfies (H1)-(H3) and
So we have
From
and (7), (8), we have
By integrating both sides of the inequality from 1 − η to 1, one has
Similarly to Theorem 3.1, we complete the proof. 2
Examples
Here we present two examples for Theorems 3.1, 3.2 and 3.3. 
has at least three positive solutions.
Proof. Let η = 
and α(u 3 ) < 1.
Note. f (u, v)
is not monotone in v, so we cannot apply Theorem 3.2 to Example 2.
Remarks
Similarly, we can establish some sufficient conditions for the existence of three positive solutions to the boundary value problem
Define T : E → E and cone P ⊂ E by: 
